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I. INTRODUCTION

L
ET be a prime, be a power of , and be a positive integer. An -linear code is a -dimensional subspace of with minimum distance . Each element in is called a codeword. If any cyclic shift of each codeword in is again in , the code is called cyclic. To determine all the nonzero weights and their frequencies of a given code is one of the main problems in algebraic coding theory. The weight enumerator of is defined as the polynomial where is the number of codewords of weight in . Furthermore, the sequence is called the weight distribution of the code . Many important families of cyclic codes have been extensively studied in the literature, but the weight distributions are generally difficult to compute and there are only a few special families that this has been done. We assume that the reader is familiar with the basic facts about coding theory (see, for instance, [15] and [22] . By Delsart's theorem [7] , the cyclic code with as its parity-check polynomial can be represented in the following trace form. Let (1) where is the relative trace from to . Then, it holds that
The dimension of the code is . The recent interest in the weight distribution of this type of codes starts with [16] , and is followed in [8] , [23] , and [24] . The objective of this paper is to compute the weight distribution of a further class of such codes.
In general, to evaluate the weight distribution of the code is quite difficult and most cases remain unsettled. The weight distribution appears mostly rather complicated, but still there are cases where not so many nonzero weights are involved and a neat expression is available. Here, we list the known cases in which the weight distributions have been explicitly evaluated. and [24] , where . Furthermore, if we set and drop the condition , then they are related to primitive cyclic codes with two zeros and have been extensively studied in the literature (see, for instance, [4] , [6] , [18] , [20] , [21] , [26] , and the references therein).
The purpose of this paper is to compute the weight distribution of for the case where , is a prime, the subgroup generated by has index 2 in , and . Our evaluation is based on the explicit determination of certain index 2 Gauss sums and the Hasse-Davenport theorem.
II. INDEX 2 GAUSS SUMS
Let be a prime, a positive integer, and . The canonical additive character of is defined by 0018-9448 © 2013 IEEE where , and is the absolute trace. For each multiplicative character of , we define a Gauss sum over as follows:
Below are a few basic properties of Gauss sums [13] : 1) if is nontrivial; 2) ; 3) ; 4) if is principal. In general, the explicit evaluation of Gauss sums is a very difficult problem. There are only a few cases where the Gauss sums have been evaluated. The most well-known case is the quadratic case where the order of is two. In this case, it holds that (2) The next well-studied case is the so-called semiprimitive case, where there exists an integer such that , with being the order of . See [1] , [2] , and [5] for details on the explicit evaluation of Gauss sums in this case.
The next interesting case is the index 2 case, where the subgroup generated by has index 2 in and . In this case, it is known that can have at most two odd prime divisors. Many authors have investigated this case (see, e.g., [3] , [14] , [17] , [19] , and [25] ). In particular, a complete solution to the problem of explicitly evaluating Gauss sums in this case is recently given in [25] . We record here the following result, which we shall use in the next section. where is the class number of , and and are integers determined by , , and . Here, we should remark that index 2 Gauss sums have been successfully applied to the determination of the weight distribution of certain irreducible cyclic codes in [3] . Also, recently they have been used in the construction of new infinite families of combinatorial configurations, such as strongly regular graphs, skew Hadamard difference sets, and association schemes with nice properties [9] - [12] .
To obtain our main result, we will need the following theorems, the first known as the Hasse-Davenport theorem. Then, (7) is reformulated as (8) where and are the numbers of nonzero squares and nonsquares modulo in , respectively, and is the number of zeros modulo in . After simplification, we see that the expression in (6) is equal to times Since , there are ten possibilities for the values of the tuple ( ). We shall compute the frequency of each plausible tuple ( ), which we denote by . As a consequence, we obtain the values and multiplicities of in Table I : Proceed exactly the same way as above and we obtain . To sum up, we get the result listed in Table I . In this case, is of index 2 modulo 11 and the class number of is 1. The Gauss sum with a character of order 11 of is given as , where the sign ambiguity will not matter. Then, the Gauss sum for the lifted character of is given as i.e., and . By Table I, the code  is  a  -linear code over  with the following weight distribution: where , , and .
IV. CONCLUSION
In this paper, we explicitly determine the weight distribution of a class of cyclic codes under certain index 2 condition as specified at the beginning of Section III when . Under the assumptions 2)-4), if we allow to be arbitrary, then there will be possible weights, and at least of them have roughly the same (nonzero) count when is large compared to , according to the estimate by Xiong [24] . For instance, theoretically we should be able to determine the weight enumerator under the assumptions 2)-4) when using the same technique here by more involved computations, but in general there will be 20 weights. Therefore, it will be of interest to determine the cases where there are only few nonzero weights, say, less than ten. We leave this for future work.
If we have a multiplicative character of prime order over a finite field , and is in the quadratic subfield of , then our method also applies and yields similar results. In our construction, the index 2 condition is used to guarantee this point. So it will be interesting to determine all such Gauss sums.
As we see in the application of Gauss sums to the construction of combinatorial objects, we first succeed in the index 2 case, and then extend to the index 4 case and then even more complicated settings. We wonder this will be the case in the application discussed in this paper. We leave this for future work.
